The diffraction theory of Kirchhoff is applied to the semi-infinite aperture of a black half-screen. The derivative of the spherical Green's function is taken into account without any approximation. The uniformly evaluated scattering integral is compared with the physical optics solution. It is shown that the non-omitted term causes the existence of fictitious diffracted waves.
INTRODUCTION
Diffraction is the interference phenomenon of light with itself. This definition was put forward by two scientists, Young and Fresnel, at the beginning of the 19th century. In fact they interpreted the process by different approaches, but their common point was the phenomenon of interference. Diffraction occurs when light meets a discontinuity on its path of propagation. Young [1] proposed that the part of the incident wave that hits the edge discontinuity generates the diffracted wave, which interferes with the portion of the incident wave that propagates unaffected by the edge [geometrical optics (GO) wave]. He put forward his ideas in a qualitative manner. However, Young's proposal of the structure of the phenomenon was based on a ray picture of light, the formulation of which was not known in those days. Note that Young's ideas found their quantitative explanation in the geometrical theory of diffraction (GTD), which was introduced by Keller in a ray-based manner [2] . Fresnel also presented an interpretation for the diffraction process by formulating the phenomenon according to the principle of Huygens [3] . His formulation was a wave-based approach. Today we know that the two approaches are equivalent. The high-frequency asymptotic evaluation of the Fresnel's integral leads to the diffracted field in terms of rays.
Kirchhoff obtained an integral formula from the Green's function solution of the wave equation [4] . His theory has been proved to be an important tool for the investigation of aperture problems in optics and electromagnetics [5] [6] [7] [8] [9] . The method of physical optics (PO), which is a widely used tool for the examination of the scattering problems, is also a vector form of the diffraction theory of Kirchhoff [10] . The diffraction integral developed by Kirchhoff provides the mathematical basis for the proposals of Young and Fresnel. Maggi [11] and Rubinowicz [12] showed that the surface integral, which represents the waves scattered by an obstacle, can be reduced to a line integral of the edge-diffracted waves.
However, the diffraction integral of Kirchhoff has some drawbacks. First of all the surface integral is not consistent. Poincaré showed that the integral does not give the boundary values of the incident wave when the observation point is taken on the integration point [13] . Mukunda put forward the consistency of the reduced forms of the Kirchhoff integral, which are called the RayleighSommerfeld integrals [14] . Kottler proposed that the diffraction theory of Kirchhoff was the exact solution of the scattering problem by an aperture in a black screen in the context of the jump boundary conditions (saltus problem) [15, 16] . But Asvestas proved the incorrectness of Kottler's approach for the electromagnetic waves [17] . Marchand and Wolf stated that the theory of Kirchhoff was a rigorous solution of a certain boundary value problem when utilized with the transform of Rubinowicz [18] . Ganci also showed the consistency of the Kirchhoff theory in the context of the Maggi-Rubinowicz transform [19, 20] .
Although most of the above mentioned authors claim that the theory of Kirchhoff gives the exact solution of a certain boundary value problem, in fact the diffracted fields that are evaluated by the edge-point contribution of the diffraction integrals are incorrect [21, 22] . This is the second defect of the theory. Also the method of PO suffers from the same problem. We showed that this defect is the result of the static unit normal vector of the scattering surface and introduced improved versions of the theories of Kirchhoff and PO by defining three physical axioms [23, 24] . The application of the improved theory to the canonical problem of diffraction of plane waves by a conducting half-plane leads to the exact solution, first introduced by Sommerfeld in the context of the mathematical theory of diffraction (MTD) [25] .
The third defect of the theory occurs in the line-integral reduction of the surface integrals. The apparent drawback is the result of a non-realized error. As mentioned before, Maggi and Rubinowicz managed to reduce the surface integrals of the scattered waves into line integrals, which represent the diffracted fields. The resultant line integrals yield diffracted field expressions that are nonuniform (approach infinity at the transition regions) [26] . This defect was also realized by Rubinowicz, and he tried to eliminate it by multiplying the integrand of the line integral with a heuristic term in order to compensate the infinity [27, 28] . The reason for the non-uniform line integrals is not investigated in the literature, but some authors have studied obtaining uniform line integrals by using the Poincaré lemma [29, 30] .
The scattering integral of Kirchhoff includes the normal derivative of the Green's function. Two terms occur as a result of this derivation. The first one is the Green's function multiplied by a term of jk where k is the wavenumber. The second term also leads to the Green's function, but its amplitude diverges with the square of the distance between the integration and observation points. In the literature, the second term is generally omitted since it is sufficiently small near the first term for high frequencies. However, there is a paper in the literature that searches for the physical meaning of the omitted term, by Marathay and McCalmont [31] . They evaluated the scattered waves on the axial observation points by the Rayleigh-Sommerfeld integral and concluded that the second term in the normal derivative of the Green's function cancels the effect of the first term.
In a recent paper, we saw that the Rubinowicz transform of the improved PO integral leads to the uniform exact solution of Sommerfeld when the second term is neglected [32] . This result made us think about the reality of this term, because a similar phenomenon occurs in the derivative of the two-dimensional Green's function that is the Debye asymptotic expansion (high-frequency approximation) of the Hankel function, and the derivative of the Hankel function yields only the term multiplied by jk. If we evaluate directly the derivative of the two-dimensional Green's function, an extra term, which is purely fictitious, will appear. As mentioned before, the asymptotic evaluation of the derivative of the Hankel function gives only the term multiplied by jk. The second term never appears.
In this study, we will show that the effect of the second term leads to fictitious fields. First of all we will explain the reason for our interpretation of the second term as a nonphysical expression of the propagation problem of plane waves. Then we will investigate the canonical diffraction problem of waves by a half-plane with Kirchhoff 's theory. We will evaluate the scattered waves for the two cases, according to the omission of the second term. The comparison of the resultant waves will be performed numerically with the PO solution. This approach is important, since the fields that are evaluated without neglecting the second term are considered as actual fields, not fictitious expressions, in the literature. The results of this paper concern the optics and electromagnetics societies, because extensive work has been carried out on the basis of the diffraction integrals of Kirchhoff and PO.
A time factor of exp͑jwt͒ is taken into account and suppressed throughout the paper. w is the angular frequency.
PROPAGATION OF A PLANE WAVE: SOLUTION IN TERMS OF KIRCHHOFF'S DIFFRACTION THEORY
In this section, we will examine the propagation of a plane wave in terms of the diffraction theory of Kirchhoff. We take into account a plane wave of
propagating in the positive z direction. u 0 is the complex amplitude. The cylindrical and spherical coordinates are represented by ͑ , , z͒ and ͑r , , ͒, respectively. First of all we will introduce the diffraction theory of Kirchhoff. A volume V bounded by a closed surface S is considered. The relation of
can be written according to the location of the observation point (P͒ [33] . G is the free-space Green's function. n ជ is the inward unit normal vector of S. Now we will apply Eq. (2) to the propagation problem of the plane wave given by Eq. (1) . A wavefront at z =0 is taken into account. The problem is the determination of the expression of the field at an observation point that is located at the right-hand side of the reference wavefront. Since the plane wavefront divides the space into two parts, the diffraction theory of Kirchhoff can be applied to the problem for the observation point in the region of z Ͼ 0. The geometry of the problem is given in Fig. 1 , which shows a cross section of the wavefront in the ͑ , z͒ plane.
Note that the problem is symmetric according to . The field expression at the observation point can be written as
where I 1 and I f can be represented by the equations of 
. R is equal to ͱr 2 + ͑Ј͒ 2 −2Ј cos͑ − Ј͒. Note that the quantity R 1 in Fig. 1 is the projection of R on the plane ͑ , z͒. At Ј = , R reduces to R 1 . This case occurs in the stationary phase evaluation of the Ј part of the integrals. The normal derivative of the Green's function has the expression
where ‫ץ‬R / ‫ץ‬n is sin ␤. Note that the term 1 / R is generally neglected in the literature at high frequencies. The integrals of I 1 and I f are related to the terms of jk and 1 / R in Eq. (6), respectively. I f represents the fictitious fields, as will be shown below.
Since the boundaries of the wavefront are at infinity, the integrals of I 1 and I f can be evaluated by the method of stationary phase for k ӷ 1. The stationary phase values of Ј, Ј, and ␤ are equal to , , and / 2. Thus the evaluation of I 1 and I f gives
respectively. When Eqs. (7) and (8) 
FICTITIOUS DIFFRACTED WAVES
The canonical problem of diffraction of plane waves by a half-plane will be investigated by using the diffraction theory of Kirchhoff. We propose that the half-screen is a black surface that neither reflects nor transmits the incident wave. The boundary conditions of Kirchhoff are satisfied on the screen. The geometry of the problem is given in Fig. 2 . The half-plane is located at {͑x , y , z͒; x ͑0,ϱ͒, y =0, z ͑−ϱ , ϱ͒}. The incident waves that strike the semiinfinite aperture at x Ͻ 0 transmit to the plane of y Ͻ 0. The illuminated volume of V at y Ͻ 0 is bounded by the two surfaces of A = ͕͑x,y,z͒;x ͑− ϱ,0͒,y = 0,z ͑− ϱ,ϱ͖͒ ͑9͒
and B = ͕͑,n,z͒; ͑0,ϱ͒,n = 0,z ͑− ϱ,ϱ͖͒. ͑10͒
Thus the closed surface is composed of A + B. The orthogonal coordinate system of ͑ , n , z͒, which is shown in Fig. 2 , is defined for B. The diffraction theory of Kirchhoff can be applied to this region as
where u i ͑P͒ is the incident field, which can be defined as
It is important to note that Eq. (11) cannot be satisfied if the derivative of the Green's function is taken as in Eq. (6). Equation (11) can be rewritten as
͑13͒
where u d ͑P͒ represents the diffracted wave and has the expression
according to the diffraction theory of Kirchhoff. The diffracted wave can be arranged as
where I d1 and I df have the expressions
͑16͒
and
͑17͒
when the geometry in Fig. 2 is taken into account. R can be written as according to the geometry in Fig. 2 . The zЈ parts of the integrals can be evaluated by using the stationary phase method. The stationary point value of zЈ is equal to z. Thus the integrals of I d1 and I df read
͑19͒
respectively. R 1 is equal to ͱ 2 + ͑Ј͒ 2 −2Ј cos ␣. The phase functions of Eqs. (19) and (20) are the same and equal to
The stationary phase point can be evaluated by equating the first derivative of the phase function to zero as
where ͑ s − cos ␣͒ / R 1 is equal to −cos ␤ according to Fig.  2 . Thus the stationary phase point value of ␤ is found to be ␤ s = 0. It is apparent that the stationary phase values of the amplitude functions of I d1 and I df are zero because of the term sin ␤, since sin ␤ s is equal to zero. It is known that the stationary phase evaluation of the scattering integrals leads to the GO fields [23, 24] . For example the integral of the reflected scattered waves gives the reflected GO wave in the stationary phase evaluation. But the phase function has two stationary phase values. These represent the reflected and transmitted GO waves by the surface of scattering. The value of the scattering integral of the reflected waves is equal to zero at the stationary phase point, which expresses the transmitted GO fields. This behavior shows that the integrals of the reflected scattered waves do not include the transmitted GO field. The edge-diffracted fields are evaluated by the edge-point technique, which considers the contributions of the integral limits. Thus I d1 and I df do not include any GO field. The diffracted wave can be evaluated by using the edgepoint-technique [23] . The diffracted field expressions can be written as . ͑24͒
Equations (23) and (24) can be arranged as (25) is the PO edgediffracted wave [34] . u df represents a higher-order diffracted wave. The relation between these two fields can be given by
Thus the total diffracted field can be written as
͑28͒
when the second term in Eq. (6) is not omitted. u d1 and u df are non-uniform since they approach infinity at ␣ =0. In [9] , Kumar also demonstrated the uniform nature of the edge-diffracted waves by using a measurement technique based on Schlieren interferometry. Also the continuity of the diffracted wave in the shadow boundary is observed in the related experiment. The uniform expressions can be obtained by using the method introduced in [35] . The non-uniform diffracted fields can be expressed as
where f can be defined by
where p = exp͕j͑ /4͒exp͓−͉ − ͑ + 0 ͉͔͖͒. The diffracted waves can be rewritten as 
͑33͒
after some trigonometric manipulations. It is well known that the exact diffracted waves can be obtained when the PO fields are divided by sin͓͑ − 0 ͒ /2͔ [23, 36] . Thus we can obtain the waves of
, ͑35͒
which will be compared with the exact diffracted wave. The exact field can be represented by
for a black half-plane [25] . Sign͑x͒ is the signum function, which is equal to 1 for x Ͼ 0 and −1 otherwise. F͓x͔ is the Fresnel function, which can be defined as
i is the detour parameter that has the expression − ͱ 2k cos͓͑ − 0 ͒ /2͔ [37] . Figure 3 shows the variation of the diffracted waves with respect to the observation angle. The observation distance ͑͒ is taken as 10/ k. The angle of incidence ͑ 0 ͒ is equal to 60°. It can be seen that all of the fields have a maximum at 240°, which is the location of the shadow boundary. u df fits the exact diffracted wave. This result is in harmony with our evaluations in [32] . When the second term was omitted, the line integral of the boundary diffraction wave (BDW) theory yielded the exact solution.
CONCLUSION
In this paper, we have investigated the effect of the fields that are due to the non-omitted term in the derivative of the Green's function. In the literature, this term is accepted as physically significant to our knowledge. But the two results obtained in this study show that this term is superfluous and leads to fictitious field expressions. As a first attempt, we examined the propagation of a plane wave by the method of Kirchhoff. The derived result can be given by
where +z is the direction of propagation. In fact one anticipates the solution to be u͑P͒ = u i ͑P͒, ͑39͒
according to the theory of Kirchhoff [33] . This result represents a contradiction that is based on the derivative of the spherical Green's function. The same fictitious field expression, which can be written as
is found for the diffraction problem of waves by a black half-plane. Note that u d1 gives the actual field. The degree of the spatial coordinate of the fictitious wave is the same for the two cases. As a solution of this problem, we offered a new definition for the spherical Green's function as
in terms of two complex integrals. As shown in Appendix A, the use of this function prevents the occurrence of the fictitious waves.
APPENDIX A
Two defects that are caused by the spherical Green's function of
were described in the previous sections. First, the normal derivative of Eq. (A.1) leads to fictitious field expressions in the evaluation of the GO waves by the Kirchhoff integration. The second defect is the non-uniform line integral representations in the BDW theory [12] . These indicators require one to reinterpret the actual form of the spherical Green's function given in Eq. (A.1).
With this aim, we will take into account some relations. First of all we propose a plane wave of
propagating in the positive x direction. The relations of x = cos ͑A.3͒ and x = r sin cos ͑A.4͒
are valid in the cylindrical ͑ , , z͒ and spherical ͑r , , ͒ coordinate systems. Now we construct a complex integral of 
